Derivatives in General Relativity

One of the problems with curved space is in dealing with vectors — how do you add a vector at one point in the
surface of a sphere to a vector at a different point, and end up with a result that is still in the sphere? Even
worse, how do you take the derivative of a vector in a spherical surface? That’s easy in Euclidean space,
because a vector at a point P can be naturally compared by simple translation to the vector at a nearby point Q.
But in curved spacetime, we are trying to compare vectors at different points that may not even have the same
tangent basis vectors! This document addresses this issue. In these sections, all the examples use 2-D or 3-D
spaces (as opposed to a 4-D spacetime) to keep things simple and easier to visualize.

In 2-D spaces or higher, all derivatives require that you specify a direction; you can either take the direction
along an axis (which gives you the partial derivative), or along a line, etc. The concept of transport is used for
derivatives on curved surfaces : take a scalar, vector, or tensor (SVT) at one point and (somehow) transport it to
the same place as another SVT. If the two SVTs are the same, the derivative between the two points is zero.
Otherwise, by comparing the SVTs, you can calculate the derivative.

There are two basic types of derivatives for neighboring tangent spaces in general relativity : covariant
derivatives and Lie derivatives. The Lie derivative evaluates the change of one SVT field along the direction

of a separate vector field. A covariant derivative introduces an extra geometric structure (the affine connection,
which requires a metric tensor) on the surface and evaluates the change in the SVT field using the connection.

Path Tangent VVectors

“Tangent vector” in general refers to any vector that is tangent to a curved surface at a point. However, when
following along a worldline in spacetime, its path tangent vector points along the direction of travel.

The path tangent vector T to a parameterized curve x%(1) is given by
TV = dx*/ d\
(where x? represents position as a function of 1), so that (as usual) T = T?e,

For example, let the path be a circle where R=1, parameterized by A > R
Then

x'(X) = x()) = cos A

X2(A) = y(A) = sin A h=05

And the path tangent vector is :
T =dx/dh=-sin A
TV =dy/dk=cos A

For the figure to the right, A = 25°, so T = (-0.4,0.9) as indicated by the P>
black arrow.

Derivative of a Scalar Field

If ; is the i basis vector and X' is the i coordinate, then the gradient of a scalar field S=f(x,y,z) is a vector
whose components are the derivative with respect to the coordinates :

0S/0x' = e; 6S/0x'



= e, 0S/Ox" + €, 0S/0x” + e305/0x°
= (8S/GX1, 8S/GX2, 85/5X3) same thing in vector notation
= (0S/0x, 0S/0y, 0S/0z) in Cartesian coordinates (for example)

Note that “0/0;” is always accompanied by an €; whether it
is shown or not!

In Euclidean space, this is the gradient. The gradient of a
scalar field at point P is a vector pointing perpendicular to
the surface at P. In the figure to the right, the surface
S=f(x,y) and the blue line is the gradient (0S/0x, 6S/dy) at a
specific point (X,y).
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There are several notations used by various authors, and sometimes the €; is assumed :

6:S=S,;=V;S=05/0x' = e;8S/ox' —

I I

For example, the surface of a sphere with a radius of 4 can be
described by z = +(4-x*-y?)"2, or in its more usual format,
S: x?+y*+z° = 16. The normal to this function at the point
P=(-1, 1, 1.41) isgiven by VS =(0S/0x, 0S/0y, 0S/0z) =
(2x, 2y, 2z) which at P is the vector (-2, 2, 2.82)

v 1

In 4-D spacetime, due to the negative sign on the spatial .
coordinates, and the (sometimes implied) presence of ¢ on the time coordlnate the correct definitions of the
four-gradient are :

10 10
% = (EE ‘F) 7= (;@—‘7’")
Where (as usual) 6" could also be calculated by g"“0,,

The divergence of the gradient is called the Laplacian. The Laplacian of a scalar field is a scalar :

V VS =e-d(eoS/ox)/ox' = e;- ¢ 8°S/oxiox' = 'S

And also goes by several different notations: V-V = V2=A=V;V'=06,0' =&

The Laplacian of a vector is a vector :

VZV = gjkviljk €




Directional Scalar Derivative

The derivative along the coordinate axes can be generalized to a directional derivative of a scalar field in the
direction of any unit vector u. The directional derivative of a scalar field S is :

(ViS) - u=u;(8S/0x)
= Uy 0S/0x + uy, 0S/0y +u,0S/0z in Cartesian coordinates

This result is a scalar, which is the magnitude of the rate of change of the scalar field in the direction of u.

If the vector is the path tangent vector T(A) of a path xi(k)_, then the derivative of S along the path is :
V:S=T VS =T (05/0x") = (85/6x") (0x'/oN) = 6S/ON

which is just the rate of change of the scalar field as you travel along the path.

Derivative of a VVector Field

The derivative of a vector field V = V&, with respect to coordinate x” in Euclidean space with Cartesian
coordinates is :

oV/oxP = o(Ve,)/oxP = e, oV*/0xP
= (0VYox", av¥/ox®, ovi/oxP) for all B

since the basis vectors do not vary and so de,/dx”= 0. This is the ordinary partial derivative, but virtually all
authors leave out the e’ that goes along with the 0l0p

oV/oxP = (Ve )/oxP ® e = ov¥/oxP (e, ® e

Which means that dV/oxP is really a tensor! For example, if V = (V¥(x,y,2), Vyﬁx,y,z), VA(x,y,2)) :
loV¥/ox  oVY/iox  oViox| <« oV/ox

oV/ox = |oV¥ey  aVYey  oVidy| < OVIox’
oV¥ez  aVYer  oVUezl < VoK

For the remaining sections, the e® term will also be left out for simplicity, but it should always be kept in mind
that a term like OV*/0x" implies a tensor, because there are two non-summed indexes.

There are several different notations for the ordinary partial derivative as well. And since index notation shows
a vector V by its components \V*, the notation “0V/0x"” is not actually used. Again, sometimes the e, is
merely implied :

V% = 9V = oV*/oxP = e, OV*/oxP




Affine Connection

Informally, an affine space is a vector space without an origin, so points in an affine space cannot be added
together. However, a vector V may be added to a point P by placing the initial point of the vector at P and then
transporting P to the end of the vector.

An affine connection is a geometrical object which connects nearby tangent spaces in a surface (like taping
two maps together along a common edge), and so permits tangent vector fields to be differentiated. The choice
of an affine connection is equivalent to describing a way of differentiating vector fields which satisfies several
reasonable properties (such as linearity and the product rule). An affine connection also defines the idea of
parallel transport and geodesics. Conversely, specifying a method of parallel transport defines the connection.
So affine connections are intimately tied together with all the concepts we have been discussing so far. The
main invariant measures of an affine connection are its torsion and its curvature.

There are infinitely many affine connections on a surface, but if the surface has a metric then there is a natural
choice of affine connection, called the Levi-Civita connection, which has zero torsion. Then the value of the
parameter used to describe a worldline is proportional to the worldline’s path length (and also happens to
represent its proper time if the worldline is timelike).

In local coordinates, the components of the Levi-Civita connection are called Christoffel symbols (next section),
and because the Levi-Civita connection is unique, they can be calculated directly from the metric. For this
reason, this type of connection is often called a metric connection.

It should be noted that the zero-torsion condition is an assumption of general relativity, and there are extensions
to general relativity which allow for torsion.

Christoffel Symbols

In any curvilinear coordinate system or non-Euclidean space, the basis vectors change orientation with position,
so the derivative of a vector field VV = VV%e, becomes :

oV/oxP = 6(VUe,)/oxP = (aV*/oxP)e, + V*(0e,/oxP)

Since 66(1/6)(B is itself a vector, it can be written as some linear combination of the basis vectors :
P — m
Oe,/ox" ="y €, Z
=17 pex + Fyaﬁey + 1€, in Cartesian coordinates, for example

I is called a Christoffel symbol (of the second kind), affine connection, or metric connection. It provides the
“weights” or coefficients to create 0€,/0Xgp from the basis vectors €;. It is sometimes written as { . }
s

In terms of the covariant basis vectors €;j and contravariant basis vectors e' the Christoffel
symbol is defined as :

T'jk =e'- (oey/ 8Xk) (“the i™ component of the j™ basis wrt the k™ axis”

where “€' - ” means to take the i component of what follows ( = dot product along the e axis).

The Christoffel symbol measures how the basis vectors change as we move in a particular direction. Once we



know how the basis vectors change, then we can use this information to correct the ordinary derivative which
we obtained using that basis, in order to obtain the “covariant” derivative in a curved surface (next section).

The Christoffel symbol can also be defined in terms of the metric tensor :

r bc — a| (abgu + acglb a|gbc) /2

Note that there can be many variations on this formula due to the nature of the Einstein notation, the multiple
formats for the derivatives, and the symmetry of the metric tensor!

In addition, the Riemann tensor described in GR1c can now be given in terms of the Christoffel symbol :

0 d 8 S
Rﬁiﬂ" (.j Jr {j RI‘F | r?s ik _I‘i:srij

And there are many variations on this formula as well, for all the same reasons, and the symmetry of the bottom
indexes in I" (see below), as well as the choice of contravariant/covariant indexes for R.

Things to know about Christoffel symbols :
Christoffel symbols are “in” the surface. Despite the notation used to describe them, Christoffel symbols are
not actually tensors.

Christoffel symbols appear when either the space is curved, or when non-Cartesian coordinates are used in a
Euclidean space.

If torsion is zero (WhICh is assumed in general relativity), the Christoffel symbol is symmetric in its bottom
indexes, so ij I"j which means, for example :

r O‘YBVYXB is the exact thing same as " BYVB X" is exactly the same as I" “BYVYXB

In Euclidean space with Cartesian coordinates, Fijk =0 for all i,j,k because the basis vectors never change.

Christoffel symbols are also all zero in the tangent plane (which is a local inertial frame and so a Minkowski
spacetime) because the basis vectors do not change.

Example
In Euclidean 2-D polar coordinates (r,0) the non-zero Christoffel symbols are :
rere =1/r Feer =1/r Free =
And so the coordinate derivatives 0e,/0x” = T",g &, are :
deJor=1" e + & 0e/00 =1 e, + T 48
oey/or = e+ 1 gL 0ey/00 = Freeer + €9
Which simplifies to :
oe,/or =0 0e,/00 = eyl r
oeg/or =egl r 0€o/00 = —r €,

The figure below shows what each coordinate derivative means. The vector from the smaller value of r or 6 is
copied (as a dotted-line) over to the vector at the larger value. The difference between them (from the head of

the dotted-line vector to the head of the solid-line vector) is 0e,/0x".



For reference, in Euclidean 3-D spherical coordinates [r,p,0], the non-zero Christoffel symbols are :
[Mgg=—r I, =—rsin’ ¥, =—sind cos
666 0 (p(p ¢ (p(p ¢
IMo=1"=1r F(pr(p = F‘p(pr =1/r re 00— F(petp = coto

Covariant Derivative

In curved space, the covariant derivative is the change in the vector itself, plus the changes in the basis
vectors. If M is a surface with curvilinear coordinates x', and V is a tangent vector field to M at a point P, then
(from the previous section) the derivative of V along the x” axis is :

oV/oxP = a(Vie,)/oxP = (oVYoxP)e, + V4 (0e,/0xP)
But as we have seen, 8(90/8XB =T e

So we have :

oV/oxP = (aVoxPye, + VT e,

Or (with a change to the dummy indexes in the second term, o <> ) :

OV/ox" = (OV*/oxP + VT p)e,

Which in Carte3|an coordinates (for example) becomes :

OV/oxP = (OV¥/ox" + VT + VT 5 + VT )6y
+ (OVY/oxP + V ry + vyry + VT ey
+ (OV¥/ox" + VT ) T /B VT “15)ez
and is really three equations, one each for x® = x, y, z (which means it is a tensor!). This example IS just to
show how the notation works, since in Euclidean space with Cartesian coordinates every I jk Is zero.




The symbol VB is often used to represent the covariant derivative “in the x” direction” or “along the basis
vector eg”. And since index notation uses the components of the vector V, the most common notation is :

V V" = ave/ox" + T gV

which returns only the a-component of the entire answer (V 3V*, V5V?, V 3VV), so some authors use
(V V)% And there is yet another notation, using just a semicolon : Va;B

Summing up, the covariant derivative can be expressed in any of the following ways :
V%=V eV = (V V)" = (0V*/0x")e, + VT e,
= (OV/ox" + V'T* p)e,
= OV/ox" + T gV
o o Lo
A T
=Vip+ gV -
All of which stand for “the amount of change in the a component of the covariant derivative of vector V
when we move in the x? direction”.

And just to make things more confusing, “D” is also sometimes used for V, as in D(V) or DgV. This actually
comes in handy when you want to take the covariant derivative with respect to a path parameter, such as D/DA.

In addition, some authors use D to indicate only the 3-D spatial covariant derivatives.

What does all this mean? Let’s say we want to find the amount of change in the p component of the covariant
derivative of a vector v when we move in the X" direction, or (VYV)B ;
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Since v is a function of its position in spacetime, the v component will change just because we’re moving in

the x" direction (in the figure above, the new Vs larger than the old Vﬁ). The amount of this change is ovP/oxY
(this is just the ordinary partial derivative), and is the “real” change in the picture below.



Now look at the other basis vector €, (“a axis™) in the figure above. As we move in the X" direction, &, changes
because the space is not flat. We also need to know how much €, changes in the  direction. The following
figure combines information from both the “old” and the “new” planes in the previous figure :

New Vﬁ __________________________

"Real" Change in Vector "V"

{Unchanged)

E’ﬁ A

Change in Basis Vector e, ,
Scaled by V*

>
Old e Ve

So we need to add the change in €, to the “real” change in VP , and we need to scale the change in &, by [the part
of v which lies along the direction of e, ( = V*)]. In other words, V* contributes a change to v? which is
proportional to V* times [the of the change in €, as we move in the x’

direction]. This scaling factor in the brackets is just oe,Jox’ = Fﬁw. So the “extra” change due to €, is
I, V" (for the specific values of o, B, y — no summing!),

Now, the change to the eg basis vector will contribute I“BBYVB and the change to e, will contribute FBWVV, so
summing over all of them with a dummy index p gives us :

(V. V)P =avP/ox" + TP V"

QED (which is Latin for “ta-daal!!”)

The covariant derivative turns a type (r,s) tensor into a type (r,s+1) tensor, increasing the rank by one. So for
the above examples, it turns a (1,0) contravariant vector into a (1,1) tensor of rank 2.

In general relativity, the covariant derivative is associated with the Levi-Civita affine connection. By definition,
the Levi-Civita connection preserves the metric under parallel transport, therefore, the covariant derivative is
zero when acting on the metric tensor (as well as its inverse). This means we can take the metric tensor (or its
inverse) in and out of the derivative and use it to raise and lower indices :

o _ oy — A0y
VBV - Vﬁ(g Vy) =0 VBVV

And it can be used to take the “contravariant derivative” :
VeV =g¥Vy

The covariant derivative can be extended to tensors of any rank — _
For a type (1,0) contravariant vector field \V/: V V=0V + T4\
For a type (0,1) covariant vector field V, : V V=0 V,—T'WV,



For a type (2,0) tensor field T : V. T® =0T + I TP + I T

For a type (0,2) tensor field Ty : VT =0:Tap— FiacTi_b - Fi_bcTai
For a type (1,1) tensor field T?, : VT =0T + T4y — T T
For a type (L,1) tensor field T : VT =0T — [T + % T,

The pattern is : take the ordinary derivative, then add a I term for each contravariant letter and subtracta I
term for each covariant letter.

Things to know about covariant derivatives :
Covariant derivatives are “in” the surface. The covariant derivative in Euclidean space with Cartesian
coordinates is the same as the ordinary partial derivative, because the basis vectors never change.

The covariant derivative of a scalar field V is the ordinary partial derivative : V ,V = 0V/0x*

The covariant derivative of a vector field V jV* = (V gV, V V7, V5V°) is the “partial derivative” of V/ in
the e” direction, and is often equated to the divergence (except that divergence returns a scalar value!).

The covariant derivative of the metric tensor is zero everywhere on the surface : V¢Qap =0

Note that V , V" is a covariant derivative (because VP implies a vector), while V ,V is the gradient of the
scalar V (no indexes).

Directional Covariant Derivative

We can generalize the covariant derivative by taking the derivative of V in the direction of another vector T (for
example, the path tangent vector to some path x“(})). As before, let M be a surface, let V be a tangent vector to
M at a point P, and let T(X) be a path tangent vector at P. Then the directional covariant derivative (which is
independent of the curve used to create T), is

VoV =TV, T = TP (av¥oxP + T%, V)
The directional covariant derivative of a type (r,s) tensor is also of type (r,s).

When a vector V moves along a path x*(\) that has path tangent vectors T(X), and V 1V* = 0 for all a, then V
was parallel transported along the path. This is equivalent to moving V along the path so that it remains
parallel to itself and does not change length.

When the vector field V is described in terms of a parameter A, the covariant derivative becomes :
V.V* = (V, V%) (0x/6))
= (OV*/ox" + T%,VP) (0x"/ON) = VN + T% VP (0x"/L)
A path that parallel-transports its own path tangent vector T(}), V1T* =0, is a geodesic. This means that in

addition to the path tangent vector remaining parallel to itself with constant length, the path appears straight
within the surface. The figure below shows a couple path tangent vectors of a geodesic, with their components




along the tangent basis vectors e, = 0y and e, = 0y (note how they line up with their local lines of latitude and
longitude) :

Vo,

0
v dy /f/_/_,ﬁ
va,

P (il
'lfxﬂx

It is now possible to give a mathematical definition of a non-rotating inertial frame :

Veoei = O

In particular, i=0 implies that there is no acceleration ( = inertial), and i=1...3 implies non-rotation.

Lie Derivative and Lie Bracket

While the covariant derivative requires an affine connection for transport, the Lie derivative uses the flow of
another vector field to describe the direction of travel.

If a vector field V is defined by a set of differential equations, then its congruence of curves (or just
“congruence”) is the family of solutions ( = the integrals of the equations), and is often parameterized. A single
path in this congruence is a trajectory, whose tangent vector at each point is in turn the value of V at that point.
The collection of tangent vectors (across all trajectories) is called a flow.

For example, if V is defined by

OV,/00 = —r sinb 0Vy/00 = r cosO
Then the solution to V is
Vy =1 c0sb Vy =rsind
where r and 0 are parameters. The last two equations result in a series of
concentric circles as you vary r and 6. = The concentric circles are the
trajectories, the tangent vectors (some of which are shown in blue) are

defined by (—r sin®, r cos0), and the set of all tangent vectors is the flow.

A congruence in spacetime is a family of world lines. One example of a timelike geodesic congruence is the
trajectories of many free-falling test particles. A null geodesic congruence could be a family of propagating
light rays. But not all congruences have to be geodesics.

The idea of Lie dragging a function along a congruence leads to a definition of the Lie derivative. Consider a
small coordinate change in the surface that results from dragging along a trajectory of the vector field V, using
its tangent vector at point P to point the way. After moving a small distance € along the vector, we are now at
point Q. Let U be some “object” (scalar/vector/tensor field) defined on the surface. There are two values we



can consider at Q : U evaluated at Q, and the value that results from dragging the value of U at P to the point Q
thru the coordinate system. Since the surface is not flat, we need to subtract out coordinate transformation to get
the actual change in U (as was true of the covariant derivative as well). These two different values at Q allow us
to form the Lie derivative at Q.
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The Lie derivative is usually denoted by Ly where V is the vector field along whose congruence the Lie
derivative is taken. The Lie derivative takes a tensor of type (r,s) and creates a tensor of type (r,s).

The Lie derivative of a scalar field S=f(x,y,z) is just the directional derivative of f along the vector field V :
LyS = VaS,a =V?0,S = V*(0S/0x°)

The Lie derivative of a (contravariant) vector field U is : .
LyU? = V'U%; - U'V?; = V' (6UY0x") — U' (oV*/0ox'")

and if U is covariant, just turn all the superscripts on U into subscripts.

Another notation is the Lie bracket [X,Y] which is the Lie derivative of a pair of vector fields X and Y acting on
a function f :

[X,Y](f) = [X"(6Y¥ox") — YP(6X?/0x")] of/ox®
Note : a set of holonomic basis vectors ; satisfies [&;,ej]=0

The Lie derivative of a tensor T is given by :
LvTa = TaV'p + TipV'a + V'Tap, _ _
Ly Ta = Ta(6V/0x°) + Tin(0V'/0x?) + V(0T a/0x")

and the Lie derivative of the metric tensor is :
LvQa = VipVa+ VoVy

If the Lie derivative of an object is everywhere zero, the object possesses a symmetry : Ly T = 0 means that T’s
structure is constant along the flows of V. This leads to the concept of Killing vectors, which are discussed in
GR3x.



